VOL. 8 NO. 8, AUGUST 1970

ATAA JOURNAL 1405

Breakdown Wave, Shock Wave, and Radiation Wave in

Laser Created Plasmas

P. Veyrie* ano F. Frouxt
Commuassariat & U Energie Atomique, Parts, France

The various phenomena occurring during the growth of laser generated plasmas are both

theoretically and experimentally presented.

The experimental results obtained with short

and long laser pulses, and short and long focal lengths are described. Their interpretation is
based on three different models, depending on experimental condition. The existence of
an ionization threshold implies the possibility of a breakdown wave, especially in the case of
short pulses, or the formation of a radiation supported shock wave. For experiment with
high-density targets, the opacity may be so high that the thermal radiation conductivity is
the principal reason for propagation of ionization and heating.

Nomenclature

thermal sound velocity

speed of light

velocity of waves

energy of radiation

free diffusion coefficient of electrons
Planck constant

flux density of laser light
absorption coefficient

Boltzmann constant

number density for unit volume, cm—3
laser beam power

pressure

positions

absolute temperature

time

material velocity

atomic number

recombination coefficient

frequency of creation of electron
ionization potential

geometrical parameter (generally a solid angle)
delay to ionization

mass density

polytropic coefficient

band width of radiation

mean free path
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Subscripts

initial or neutral

related to Bremstrahlung

related to breakdown

expansion fan

associated to electrons

related to 1onization by collisions
Planck

radiation wave

Rosseland

shock wave

related to threshold or direct ionization
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1. Introduction

INCE first observed in 1963'2 the creation of a plasma

by a giant pulse laser beam focused within a gas has
been extensively investigated as a technique for heating
matter to high temperature. Various aspects of the prob-
lem have been distinguished and the literature offers studies
about gas preionization,®* ionization cascade,’® hydro-
dynamic behavior,”~ and breakdown wave phenomenon.®

Recently, experiments on ionization and breakdown within
transparent solid deuterium ice'! suggest that the results ob-
tained with gases may be extended to the higher target
densities associated with such solid materials.

In this paper, we shall review some typical situations for
experiments within gases and transparent solids before de-
veloping different interpretations based on hydrodynamic
behavior or radiation transfer.

II. Experimental Results
Laser Optics

All the experiments have been carried on with C.G.E.
neodymium glass laser. All arrangements have been derived
from the same basic system; a rotating prism @ switched
oscillator followed by a cascade of amplifiers. Rods are
from neodymium glass. Output diameter of last stage is 32
mm. The maximum energy delivered was 30 joules within
a 30 nsec pulse. In every case but those specified, we used
an /1 40 mm focal length lens. This lens is a specially
devised spheroelliptical one completely corrected for spherical
aberrations.!?

In the first experiments, the optical quality of the laser
beam was not perfect due to astigmatism. This has been
extensively studied in Ref. 13.

The association of the beam with the spheroelliptical
“perfect” lens gave a minimum focal spot size of 200 pm
diameter. The results described in Figs. 1, 5, and 7 were
obtained from this association. In Fig. 4 a modified ar-
rangement was used to try to improve beam quality and
raise the pulse to 60 joule. The resulting pulse width was
the same but now we get a focal spot of-40 um with the same
“perfect”” lens.

To get shorter pulses the laser was modified by inserting
a KDP Pockels and glass prism between the oscillator and
the first amplifier. The result was a 5 nsec, 10 joule, fast
rise time pulse. The optical quality and thus spot size re-
mained unchanged (Fig. 3). To test the importance of the
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Fig. 1 Shock waves in gases (30 nsec laser pulse). The

laser beam is coming from the right. The sweep duration

of the streak camera is 200 nsec, focal length = 40 mm.
a) Deuterium, p = 3 atm. b) Air, p = 1 atm.

optical quality (Fig. 2) some experiments were done with an
ordinary commercial biconvex lens, f = 100 mm.

Studying the radiation distribution in the neighborhood of
the supposed focus, we found several maxima of light in-
tensity along the beam axis, probably due to a combination
of spherical aberration and diffraction.

Results of Interaction

Experimental evidences with which we are dealing are
based on Space Technology Laboratory (STL) streak camera
pictures which give the time history and the main features
of the plasma expansion. In Fig. 1, the plasma expansion as
is obtained with sharp foeusing, 30 nsec pulse, is reported.
The velocity of the front is about 6 X 10% em/sec for deu-
terium gas and 1.2 X 107 em/sec for air.  As shall be later
seen, these velocities are readily interpreted on the basis of a
radiation supported shock wave.

In Fig. 2 we present some of the results we got with poor
focusing of the same beam. The various breakdowns are
approximately initiated where the previously mentioned peaks
of light intensity are located. The coincidence is not rigorous
as the effect is a complex one. At the nearest maximum
from the lens, a radiation-supported shock wave starts, which
may or may not screen the breakdown at the next maximum.
Important factors are then, the geometrical distribution of
light, the velocity of the shock, and the pressure of the gas.
The purpose of the photograph is to show the great im-
portance of sharp focusing.

a) Deuterium, p b) Air, p = 1

= 3 atm. mat.

Fig. 2 Breakdown waves in gases (30 nsec laser pulse).

The laser beam is coming from the right. Sweép duration

is the same as Fig. 1. On each picture, one may dis-

tinguish multiple breakdown during the plasma expan-
sion, focal length 40 mm.
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a) Deuterium

gas, p = 1.8 atm

(time scale: 5
nsec/div)

b) Deuterium ice

2mm.

Fig. 3 Breakdown waves with 5 nsec laser pulse. The

gas and solid cases have been represented on the same

figure. The 5 nsec half width, 2 X 10° w laser pulse is

coming from the right and oscillogram of this pulse has

been reported on the left side. The sweep rate of streak

pictures is 1 nsec/mm, in both cases, a 40 mm focal length,
f/1 focusing lens has been used.

Figure 3 illustrates the breakdown with short pulses.
Such velocities close to 10% ecm/sec cannot be explained by a
hydrodynamic mechanism. We shall present an interpreta-
tion in the next section.

At last in Fig. 4 streak camera pictures obtained when
focusing the 30 nsec 60 joule laser beam on a solid deuterium
ice'! are reported. Figure 4a was taken when focusing in the
center of the 2 mm? square section of ice. We notice that
multiple breakdown propagates towards the free surface until
the luminous front merges. This multiple breakdown is due
to the fact that the sharp focused beam is distorted by the
poor quality dioptra separating the deuterium ice from air.
Then, the ionized zone travels back into the ice and at the
same time, plasma expansion into vacuum oceurs by focusing
on the surface. Figure 4b phenomena show only evidence of
inwards and outwards propagation that we shall study in
part V.

During this experiment, it has been possible to get plasma
electron temperature by means of x-rays continuous emission
measurements. Assuming that the recorded soft x-rays
are due to bremstrahlung emission, correlationsf between
measured electron temperature and inwards luminous front
velocities have been achieved (Table 1).

III. Threshold-Tonization and Breakdown Wave

Many experimental and theoretical works suggest that
when the flux density of laser light exceeds a threshold value
I., there is a direct ionization of the irradiated matter and
subsequent creation of free electrons. There are as many
mechanisms deseribed for that ionization as there are people
involved in that research, but the result can always be written
with the same expression, which is a frequency designated as
vq, for creating free electrons out of the neutral matter that
ceases to be null.

1 We are not yet able to determine the spatial origin of x-rays.
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Table 1 Experimental electronic temperature
T and recorded front velocities V,
(values are given in CGS units)

T, °K V, cm/sec
108 0.9 X 10¢
1.3 X 108 1.4 X 108
1.8 X 108 1.6 X 108

With the preceding statement it is possible to write the
equations for electronic population and energy

one/Ol = vi(ng — ne) + vine + FVn, — Bn.’
d/dtn.(3kT + x)] = K@) + KsI(¥)

where v; = ionization frequency by collisions of electrons on
neutral atoms, and F = the diffusion coefficient of electrons
out of the reaction zone; hence FV2n, represents the loss of
electrons by diffusion. (nt = the loss of electrons by
recombination, K; = an absorption coeflficient related to
direct ionization, Kz = the absorption coefficient of light by
bremstrahlung of electrons in the fields of ions or inside the
atomic shells, np = the neutral density, and x = the ioniza-
tion potential. This system is general and may be used for
various experimental conditions. We solved it using the
values of our first series of experiments; laser pulse 30 joule,
30 nsec, focused to a 200 um diam spot.

To simplify diffusion calculations, the focal volume was
taken to be a cube of 2 X 107% cm?®. Pressures were varied
from 300-3000 torr of deuterium. The following assump-
tions were made: v, is zero for I < I,, v; reaches a value for
I > I, which will be adjusted from experimental results, the
recombination term is negligible (computations show that
this assumption is valid in our pressure range), and the ab-
sorption coefficient is the free-free absorption one; the elec-
tron neutral coefficient is negligible for the case studied here
of Z = 1 and our pressure range.

The boundary condition was that of a measurable absorp-
tion of light (exceeding the experimental accuracy of 59)
that corresponds to the time of appearance of a luminous
plasma. With origin of times when I = I,, this time will
be denoted 7 and called ionization duration. Its physical
meaning is the time necessary for ionization to develop
sufficiently for a noticeable absorption of radiation and a
subsequent luminosity to be obtained. After time 7 things
will proceed in a different way which we shall consider later.

Experimental values of 7 are presented in Fig. 5 with
their incertainty bar. They are compared with the results
of the computation previously described. These experimental
values were deduced from measurements of the laser power
transmitted through the plasma and were extensively de-
seribed in Ref. 15. .

With a sufficiently high-brightness laser, the flux density
may Increase after having reached the level I.. Conse-
quently the threshold conditions may be met in larger cross
sections of the conic laser beam. Let some electrons be
created at a distance r. from the focus. At time 7 afterwards,
the breakdown will oceur at the distance r.. Thus we may
write the condition

Pt — n/w? =1,

which means that if we observe a breakdown on 7, at time
t with power P (i), threshold will be reached in this place, 7 nsec
before.

Q is a geometrical coefficient. If the focused beam is a
uniform one, £ is the beam solid angle. If not, Q should be
a parameter that relates the power P(f) to the flux density
atr..

The preceding expression shows that the ionization may
propagate towards the focusing lens following what Raizer!?
calls a breakdown wave. The position of that breakdown
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& (nsec) a)
A

Fig. 4 Deuterium ice experiment (30 nsec laser pulse).
Streak camera pictures of the solid deuterium case have
been reported for two focusing conditions a and b. The
laser is coming from the left. The inwards luminous
front propagation is interpreted as a shock wave. On the
other hand, one may find multiple breakdown phenomena
in the first stage of case a between 100 and 90 nsec, when
the plasma is travelling inside the ice. Time zero has been
taken for the laser peak value.

wave is given by
re = [P(t — 7)/QI,)V2

If the plasma is sufficiently transparent, there can be also a
breakdown wave in the opposite direction, given by

r = [T@ — 7)/QL]2

where T' is the transmitted power.

If other mechanisms (shock waves) are not masking the
breakdown wave, it will be and has been experimentally ob-
served (Figs. 2 and 3). The breakdown wave depends on €.

If the focal length is increased, Q is decreased; hence, the
velocity dr./dt of the breakdown wave should be increased.
In fact the phenomenon is complicated by on-axis diffrac-
tion that gives extremes of flux density where start successive
breakdowns. This explanation holds for poor focusing as
on pictures presented in Fig. 2. The breakdown wave ve-
locity depends also on dP(t)/dt, that is on the rise time of the
pulse.

With nanosecond pulses we get very fast wave. In Fig. 6
are plotted the streak-camera-observed position of the lumi-
nous front compared with computed values of r. and r/.

nsec
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g
500 1000 1500 200
PRESSURE {torr)
Fig. 5 JIonization duration A\, = 5 X 10° vs gas pressure.

The experimental observed values have been reported with
experimental uncertainties (vertical lines).
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A t nsec

pulse Is maximum
at time 0O

— — — computed
observed

0.1 0 0.1 0.2 03
r cm

Fig. 6 Breakdown wave in gases. 2 nsec laser pulse has
been used on the graph, the laser beam is coming from the
right. The position r = 0 corresponds to the focal area of
the focusing lens (spheroelliptical f/1 40 mm foeal length).

There is a good agreement for r. in the high velocity region
(other parts are explained by hydrodynamics).

There is disagreement for r.’, but measurement of trans-
mitted power T'(f) is not quite accurate when short pulses are
involved. Peculiarly, time history of incident light, trans-
mitted light, and streak pictures are very difficult to associate
with respect to each other.

IV. Hydrodynamics

When the breakdown wave can be assumed slower than
the shock wave, the plasma created at time 7 will follow a
hydrodynamic evolution. These conditions are met when
the laser pulse is not too fast and when we obtain a sharp
focusing.

Thus, at time 7, after initiation, we get initial conditions of
temperature and density in the focal volume. We may com-
pute the hydrodynamic expansion in both directions towards
the lens and backwards. A shock wave is created and radi-
ation supported in the conical laser beam. Because of the non-
stationary character of the problem a numerical solution
was sought.

P= 600mm Hag

rs
'3 7/
2 /
+o— forward {front expé im?l
} Lo backward front

r1 forward |front Y computed
r4  backward frontJ

r cm

time
nsec

20 40 60 80

0

Fig._7 Plasma dimensions vs time (30 nsec laser pulse).

r is the dimension of plasma along the laser beam axis

(see Fig. 6). In this graph, time zero is taken when the

luminous plasma appears on streak picture. The laser
peak value is reached for about 40 nsec.
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Fig. 8 Shock structure. Computed profiles of mass

density and electronic temperature of the plasma have

been reported for different times during the laser pulse.

Time zero is the same as in Fig. 7. The laser beam is

coming from the right. The origin of the process (r = 0)
is the focal area.

We got satisfactory results by resolving the set of hydro-
dynamic continuity equations together with radiation transfer
ones.

In Fig. 7 we have plotted the computed results concerning
both shock waves. One propagating towards the lens, the
other in the opposite direction. The example here is taken
at a pressure of 600 torr of deuterium with 30 nsec 30 joule
laser. Experimental results are represented with their
incertainty bar.

From computation we also deduce temperature and density
distribution across the shock as a function of the radius
(Fig. 8). The temperature is maximum at the focus (r = 0)
where density has a minimum with very low value. We can
follow the mechanism of heating in that figure. The leading
shock discontinuity causes sufficient ionization and tempera-
ture so that the absorption of light may be important.
This absorption heats the fluid to a maximum temperature
in the center where, because of the radial expansion, mass
has been nearly completely evacuated. Hence from the dis-
cussion presented in part III and IV, we find that two
eventualities may oceur for breakdown of gases; a break-
down wave for poor focusing or very fast rising pulses, and
a radiation supported shock wave for sharp focusing and not
too fast a pulse (ten nsec or more rise time). We shall now
turn to solid deuterium targets to see how these conclusions
are modified.

V. Hydrodynamic Model for Deuterium
Ice Experiment

The experimental results concerning solid deuterium can be
summarized in the following way: 1) we have found that
somewhere in the plasma there was a temperature of more
than 10%° depending on the experimental condition,'* and
2) we have measured the velocity of the luminous front
propagation inside the plasma.l! Furthermore we can
assume that laser radiation is stopped when the plasma fre-
quency 1s equal to laser frequency.

We then compute the following plane one-dimensional
model. A similar approach was derived by Caruso et al.’¢
in his general principle. A shock wave is propagating inside
the solid ice with a constant velocity Ds. The radiation is
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Table 2 Experimental front velocities Vexp, compared
with calculated ones, D and D;, for different values
of electronic temperature T

Dk, D,, Vexps

T, °K cm/sec cm/sec cm/sec
1 X 10¢ 1.2 X 108 1.4 X 108 0.8 X 108
1.3 X 108 1.4 X 108 1.6 X 108 1.4 X 108
1.8 X 108 1.6 X 108 2 X 108 1.6 X 108

% This figure is uncertain because of the small velocity.

incident on the vacuum boundary of the shocked materials
and propagates with a constant velocity Dg, smaller than
Dgs. Behind this penetration of radiation, there is free ex-
pansion of the plasma into the vacuum. We assume that
the plasma is isothermal in the region crossed by the radiation.
The adiabatic cooling is supposed to be compensated for by
some absorption. As the plasma frequency cut-off operates
as a wall preventing the absorption of radiation further than
the thin layer of the skin effect, we may suppose that velocity
Dz equals velocity ws behind the shock discontinuity. The
theory of isothermal free expansion wave, designated here by
subseript £, implies that we introduce a constant,

a = (ps/pe)'? 1)
and thus find that along trajectories described by
z = (uz + o)t @)

the density decreases exponentially
pr = pr exp[(u — ur)/al 3)

pr and ur are densities and velocities at the point R reached
by the radiation.

At this point we have no reason to find continuity in density
and velocities. In fact the strong absorption region has
some thickness. There we get a strong variation in tempera-
ture, density, and velocities of the fluid, but we overlook this
and treat it as a discontinuity that obeys the following rela-
tions:

pR(DR - uR) = ps(DR - UR) (4)
Ps = 2pRa2 (5)

Equation (4) shows that because Dr — us is negligibly
small, pr will be very small; another way of expressing the
aforementioned discontinuity. ’

The shock wave follows the classical expression that one
may deduce from Rankine-Hugoniot equations

ps = po(y + I/y = 1) (6)
Ps = $(y + 1)pous® (M)
Ds = (v + Dus (8)

where v is the polytropic coefficient of the shocked region
(high density and low temperature). Ignoring the exact
value of temperature in this region, we have chosen v as
equal to the diatomic £ value.

The energy relationship corresponding to expansion wave
and radiation discontinuity has not been written for the
simple reason that we do not know how to solve it without
a computer, which would in fact solve the problem in a differ-
ent way. .

Thus the system of equations written previously is not suffi-
cient. Therefore we have to get two more parameters. One
of them is the temperature given by the experiment and the
second one is pr imposed by cut-off consideration.” From T
we deduce a [Eq. (1)], from Pr we deduce Ps [Eq. (5)],
and similarly us [Eq. (7)], Ds [Eq. (8)], and Dg.

In Table 2 we have reported experimental values for T' and
front velocity, Vexp, compared to computed ones out of T
and Dg.
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Fig. 9 Hydrodynamic behavior of the plasma in the deu-

terium ice experiment. In the (r, t) diagram, one may

assume the shock wave S and the deflagration front R

followed by a rarefaction fan. Origin of the process is
taken at the free surface of the ice.

The observed luminous front should be the radiation front
rather than the shock front. In fact at shock velocities of
the order of 10® em/sec, the temperature of solid deuterium
remains very low and ionization is not important. Thus the
shock front may not be sufficiently luminous to be recorded.

Our interpretation of the experimental pictures is given in
Figs. 9 and 10.

To conclude, a very simplified model can account for part
of the experimental results. We have to do this one in order
to see If our assumptions are reasonable. In other words,
the resolution of the problem with a computer will be the
answer to this question.

VI. Radiation Wave

We are to consider another kind of explanation for the
observed luminous front; that is a mechanism of radiative
heat conduction. We shall restrict ourselves to the main
features of such a process and provide some remarks about
orders of magnitude that may be involved in our experiment.

Let us consider an optically thin and high temperature
plasma layer bounded by a cold and poorly ionized medium.
A part of the thermal radiation may be strongly absorbed by
the colder layers while the high temperature layer is trans-
parent to its own radiation. In deuterium ice the mean free
path of thermal photons lies between 105 and 10% e¢m for
temperature of 10° °K up to 107 °K. Thus each layer of cold
deuterium may be heated by the thermal radiation emitted
by the preceding one. This heating is governed by radiative
heat conduction which strongly depends on temperature re-
sulting in a nonlinear heat conduction equation. Zel'dovich
and Raizer' have deseribed such a mechanism and given the

AP P AT
R R R
s 1 Ps S R
Ps| g, <
Wi »
¢ j; A s s
Q % -
_ ] Po - I "
Il i

Fig. 10 Mass density, pressure, and temperature profiles

inferred by the hydrodynamic behavior represented in

Fig. 9. The subscript S is used for the shocked region, R

for the deflagration front, and E for the rarefaction fan
(plasma into expansion).
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Fig. 11 Theoretical temperature profiles vs distance in
three different heat conduction mechanisms: a) for classi-
cal heat conduction; b) for nonlinear heat conduction
with radiation into equilibrium; and ¢) nonlinear heat
conduction with radiation out of equilibrium.

temperature profiles to be reached in the cases shown in Fig.
11.

The difference between Fig. 11b and Fig. 1lc takes into
account the heated region transparency and its own radiation.
We shall notice that in the case where 2y — z; is small com-
pared with outer dimensions of the system, then the colder
layers may reach a temperature closer to that of the heated
region.

In Fig. 11¢, one may reach a satisfactory qualitative picture
by the following simple argument. Suppose that between the
x and 2, planes only the radiation enclosed within a narrow
band AE, near energy E, is actually absorbed by the cold
layers. Then one may readily show that energy conservation
reads

2E*AEo/h3c? exp(Bo/kT — 1) = (SnkT + x)dx/dr  (9)

T is the temperature of the black body spectrum emitted in
the = plane, towards the positive x direction, n, is the partical
density in the cold medium, x is the ionization energy density,
and dz/dt is the velocity of the front ¢ with respect to z..

Since in the temperature range involved in our experiment,
x is either negligible or of the order of kT per ion, Eq. (1)
reduces to

dx/dr = A/T(expB/T — 1) (10)

Thus, if the driving temperature T' is constant, dz/dt is also
a constant. If the driving temperature is 7’ = T expat then
dr/dt = A’ exp(—at)/expB’ exp(—at) and reaches a con-
stant value A’/B’ for t - + «.

A more accurate theory will involve the diffusion approxi-
mation. Satisfactory results have been obtained by R.E.
Marshak® in Fig. 11b with a driving temperature given by
Eq. (3).

This radiative mechanism 1s strongly dependent on two
mean free paths which are: 1) AP (Planck mean free path)
which characterizes the blackening of the emitting layer, 2)
ARO (Rosseland averaged m.f.p.) which gives the thickness
of the radiative wave.

In the Table 3, we have reported Ap and Ago values for
different temperatures and solid deuterium (py = 0.17) (in-
cluding scattering). From these values, one may conclude
that radiative heat conduction may be taken into account
in our experiment, in the 106 °K range. Moreover we notice
that the cold medium density is greater than p, as a result of
the shock wave and that the inverse bremsstrahlung absorp-
tion of electron with neutral atoms have to be included in
the caleulations of Az and Ag.

These two corrections may reduce appreciably the values
of these characteristic lengths. But exact calculations have
not yet been performed.

This tentative explanation is only a prospective one. We
need more computations. In fact hydrodynamic model and
radiative model for solid deuterium interaction are not ex-
clusive of each other. We may readily imagine that the pene-
tration of radiation inside the deuterium ice will be accom-
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Table 3 Calculated values of Ap and App vs
electronic temperature T

T 105°K 10¢°K 107°K
AP, cm 10— 3 X 102 72
ARO, ecm 6 X 104 2 27

panied by re-emission of equilibrium light that might be ab-
sorbed in vicinity layers, thus increasing the strength of the
shock. But computation of such a complicated process is
rather difficult.

VII. Conclusion

We shall conclude this review of phenomena by some con-
siderations of the various situations that may oceur during
the plasma growth.

At first, one may identify each process by comparing the
fluid velocity with that of radiative absorption whenever
the radiation comes from laser (breakdown wave) or from
heat conduction. For example, in the breakdown case, the
laser absorption zone moves faster than the fluid. However,
for the case of interaction with solids, we have described a
process where the shock velocity travels faster than laser
radiation penetration.-

The two main parameters governing the nature of the
process involved in the expansion are the laser power and the
rise time of the pulse connected with the focusing character-
istics. For sharp and good focusing lens, we have mainly
observed hydrodynamic behavior when long rise time laser
pulses are used, and breakdown wave with shorter rise time
pulses.

Density of the target plays a role also. For solid trans-
parent targets, cascade duration 7 is negligible, thus break-
down is very fast. In the first nanoseconds of the interaction,
the breakdown wave is predominant. In fact the situation
is complicated by the poor optical quality of the ice with the
consequence of multiple breakdown. As interaction pro-
ceeds, the various mechanisms might successively occur.
An example for that is found in Fig. 3 where we distinguish
a shock wave in the first nsec followed by a breakdown wave.
Another example in Fig. 4 where multiple breakdown within
the ice is followed by a breakdown wave.
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Criteria for Selecting Curves for Fitting to Data
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The purpose of curve-fitting is the prediction of future data; thus, criteria should discrimi-
nate strongly in favor of curves having high predictive merit for a given phenomenon. If the
laws of nature pertaining to a phenomenon are known, they should form the basis for choosing
the curve to be fitted. Otherwise, bias is almost sure to exist in the representation of data by
an arbitrary curve. Bias is a systematie discrepancy between the fitted curve and the true
equation governing the data. Bias can arise from either oversmoothing or undersmoothing.
A eriterion has been developed which selects a curve of minimum bias for improving the pre-
dictability of future data even if the true equation is unknown. The minimum-bias criterion
accepts that type of curve for which the ratio of over-all sum of squares of deviations to subset

sum of squares of deviations is a minimum.

I. Purpose and Nature of Curve-Fitting

HE purpose of curve-fitting is assumed to be the summar-

izing of experimental evidence for making predictions with
regard to future data. Although this purpose has been
clearly stated in the past,:2 the literature of the subject re-
veals little evidence of the explicit use of predictive ability as
a criterion of curve-fitting.

The two kinds of prediction possible through curve-fitting,
in order of rapidly decreasing accuracy, are 1) interpolation,
or prediction of the dependent variable within the range of
observed values of the independent variable and 2) extrapola-~
tion, or prediction of the dependent variable beyond the range
of observed values of the independent variable.

Of course, all predictions at best have only a formal,
ceterts-partbus validity; that is, all conditions, deterministic
as well as probabilistic, must prevail in the future.

Two distinet but interdependent steps in the curve-fitting
process determine how well its predictive purpose is realized.
These steps are 1) selection of the type of curve to be fitted
and 2) evaluation of the constants of the curve.

The two steps are mutually complementary since each satis-
fies requirements that the other is unable to fulfill. Both
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must always be done with care. If one is slighted, no amount
of meticulous attention to the other can compensate for the
neglect. Moreover, execution of these steps should be pre-
ceded by a critical review of the data for the purpose of deter-
mining whether a curve fitted to them can serve the intended
use.

Regardless of the functional relation that it represents, a
curve fitted to data can be thought of as simple or complicated,
depending on the number of constants that must be evaluated
for defining it. The greater the number of constants, the
more closely will the curve follow the experimental data.
The suitability of a particular curve, however, is always de-
pendent upon the amount of real random fluctuation present
in the data.

If the selected curve is too simple, there will be large
deviations between the curve and the data; consequently,
excellent data may look bad. Conversely, if the curve is too
complicated, it will follow closely not only the true variation
of the data, but the random fluctuation as well, producing
thereby a false impression of high accuracy.

Figures 1 and 2 illustrate how an arbitrary choice of the
type of curve in place of the proper one of Fig. 3 can mis-
represent the data through either oversmoothing or under-
smoothing. Oversmoothing means that some deterministic
variation has been regarded as randem variation and dis-
carded. Undersmoothing means that some random variation
has been regarded as deterministic and has been retained.

It is unfortunate that the phrase “best fit” is commonly
used to describe various functional approximations without
adequate attention to the eriteria upon which the so-called
best fit is based. Perhaps the most insidious is the T'scheby-
cheffl method of fitting polynomials, which is superficially



